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Differential energy structure of a micro multi-charged-particle system and the beam internal 
potential energy is derived with consequent property and necessary inference. Then by combining 
the energy differential structure with differential transfer relations of physical flux density between 
different time domains, we present a general explicit formula for energy exchange in the beam 
element's transfer or accelerating process between source and observer, further give an analysis 
on relativistic beam's mass-energy relation and beam's energy up limits for resonant frequency 
(rf) and DC acceleration. Finally we discuss the property of elementary charge density field and 
consequences. 



I. INTRODUCTION 

Tracing the energy gain process of high energy electrons beam through rf acceleration, it would be known that the 
longitudinally internal charge density field's affection or contribution to the total energy of the group of electrons 
should be considered as the electron number density in longitudinal axis increases progressively due to accumulated 
compression, especially when its average velocity of the group of electrons becomes almost independent to the energy 
after the velocity approaching light speed. However, their functions to energy flux density basically are neglected 
except treating them for beam instability and impedance 0,0,0,3- From general mechanics, the multi-particles 
system's energy in complete inertial frame where both f(t) = mf and f{t) ■ dr = dE{t) exist simultaneously can be 
divided into two essential parts: mass center's kinetic energy and system's internal energy; the latter could be further 
divided into two constituents: relative mass center's kinetic energy and internal potential energy whose rate equals 
the rate of work done by internal forces negatively. Upon number density's instantaneous distribution in longitudinal 
axis and corresponding velocity distribution of the micro particle system, we set up the explicit formulas on mass- 
center kinetic energy, relative mass center kinetic energy, internal electrical potential energy and its changing rate. 
Then based on differential transfer relation of energy flux Q and the energy differential structure, we analyze and 
discuss the affection and contribution of the internal charge field to energy flux and energy exchange as well as other 
consequences. 

II. ESSENTIAL INTERACTIVE MANNER AND ENERGY CONSTITUENTS OF MULTI-PARTICLES 

SYSTEM 

A. Interaction and Power Exchange in A complete Inertial EVame 

In a complete inertial frame where both fneti{i) — foi{i) + fii{i) = 'miri{i) and f{i) ■ r{t) = "^^^P exist 
simultaneously, and for a multi-particle system consisted of AA^ particles, there is the system's power exchange 
relation: 
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note: J^'^i [^*(*) - ^mc(i)] ^ ^' |Z]"^i '^4*) ~ '^mc(i)J 1=0 



n= 1,2,-. 
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B. Energy Components of AA'^ Same Charged Particles System 

From (jSJ and mi — iriq, the power exchange relation between micro multi-particle system and external system is: 
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Take integral form of Eq. Q over [t, t'] or the micro multi-particle system's whole being accelerated process 
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here: 



AEeUt') = ^ 



dAEexcii) ^- 

di 



Furthermore, concrete formula of AEf^^dt) is determined by energy differential structure of micro particles system, 
or by explicit formulas of Vmc{i), '^^fmci^) ^''^'^ AEp{i) along longitudinal acceleration direction. 



III. ENERGY DIFFERENTIAL STRUCTURE OF MICRO MULTI-CHARGED- PARTICLES SYSTEM 

A. Kinetic Energy 

Ref. Fig. 1^: longitudinal distribution of number density and corresponding velocity. 
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(b) longitudinal length of the micro system 



FIG. 1: Diagram of micro structure along axial dimension 



From Eq. Q and there 



Pm{r)dr = mqMpN = Mpm = rUgAN AM 



Pq{i,r) = qpN{i,r) 



rrh 

/ pq{r)dr = qAtp^ = Aipq = qAN = AQ 

J rt. 



For Sl'^{r - rmc)dm{r) = 



Al 



I't — Tmc ^ fh H — 



At Ae dp. 



12AN dr 



Al 



Vmc - Vh + 



Al AP dp. 



\AN dr 



Al- 



Ae 92 



Pn 



12AN dtdr 



and for JJ^** [v[r) — Vmcifmc)] dm{r) = to reduce Eq. 
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thus 
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Eq. H10() and Hll(l is kinetic energy formulas that contain tlic information of the micro particles system. Eq. is 
kinetic energy spread of the micro system. 

B. Internal Potential Energy and Its Property 

Along axis we assume average repulsive charge field force is proportion to the difference of compressed charge 
density and uncompressed charge density, or critical charge density pqQ] beam transverse radius keep in constant. 



fq{M) = p[pq{i) - pgj = pq[pN{i) - p„J 
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Ao — individual charge field's critical diameter; A — compressed diameter of individual charge field; A G (0, Aq]. here 
define 

Ao 

kit) e (0,1], 77(t) e [0,+^) 

k(i) — ratio of compressed and intrinsic volumes of individual charge field. 
r](t) — potential energy index of individual charge field. 
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and 



Further 



Compare Eq. lfTS|l and ((TB|l 
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It is shown in Eq. (|17|) . I^fj) that for internal force to do positive work wiU elongate the length, enlarge kinetic 
energy spread and exhaust or consume the internal potential energy; for the force to do negative work, the length 
will be compressed and kinetic energy spread reduced, internal potential energy increased. However once the internal 
force starts to do negative work, the process will be irreversible without external power's joining. 

C. Energy Differential Structure of AE{t) Carried by the Micro Multi-Particle System 
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Eq. (|18|l indicates that both kinetic and potential energy have possible distributions; for kinetic energy it depends 
on length, length's rate and pi^ distribution or different compression states due to internal charge field force in 
longitudinal dimension. 



IV. ENERGY FLUX AND ENERGY EXCHANGE 
A. Energy flux density and energy flux 

At instant t G [t,t'] there is energy flux density PabKsIO] ^ crossing section located at ris{t) 



and energy flux 
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B. Diff'erential transfer relation of energy flux density between two time domains and energy exchange 



Ref. m there 
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to multiply both equations with i or -Ay, then take limit as At 0, At' — > 
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J{t')^J{t)^ or p«[rp(t')]t^»o(t') = P^['^sW]i^.*.(i)^ 
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dr(t') 



Pn [rs{t)]vsis{t) 



dt' 



m„ 2 r\ 



= P«[ro(t')]«^o(i') { + W 



, Ao m 



Mt) Ao 
t' 



A(t) Ao 



(22) 



(23) 



7 



By using A(i') + A,(i') = A(i) ^, A,(t') = = J^'^^*'^ dA,(t) 



> compression 
< elongation 



A(i) \{t')-\{t)' 




(24) 



Above Eq. H23|l and p4|l is energy exchange relation between a micro beam element and external system during 
the accelerating process within which the micro beam element travel through the space between source and detector. 

For Jexc{t') > external system supplies energy to beam for contributing to either kinetic or potential energy or 
both as well as time affection factor. For J^exc{t') < external system gains energy from beam system, may from either 
of kinetic or potential energy; in case the time factor determined by dynamical process can also affect energy's output 
of micro beam element. 



C. Illustration or illustrative examples 

1. Selection of time domains 

This is completely dependent to which beam's acceleration or transportation process you arc interested in. The 
flux source and observing location could be selected at entrance and exit point or cross section of a resonant cavity 
respectively where signal's transfer time T{t) = T{t') is just charged particle's transit time. The flux source and 
observing location could also be selected at beam source (gun) and beam extracting point for tracing the whole 
process of the beam's acceleration and transportation drift where signal's transfer time T{t) = T{t') can be consisted 
by various constituent Ti{ti-i) — Ti{ti) and there is consequent relation T{t) = T{t') = ^ri(ti_i) 0. Once the 
time domains are decided, then all differential transfer relations between the time domains and energy differential 
information could be used to search exact solution. 



S. Energy exchange of relativistic electrons beam and inference 



In this case, Vio{t') ~ Vsis{t) ~ c , and from Eq. iP^ : 



Jexc{t') ~ pN[rs{t)]c^fiq {in 
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Thus there are consequent inferences below for constant state, elongation's and compression's. 

A. Constant State 

^ = ^' = ^"aM = Je.c{t) = Q V{t) = v{t) kit) ^ kit) 

B. Elongation State 

dTit') dt , X(t) Aft) - X(t') , , , ^ , , „ , , , 

-^>0, 0< — <1, ln^-^^^-^<0; Je.c(i')<0 ry(t') < ??W /c(t') > A:(t) 

C. Compression State 

dTit') „ dt ^ , Xit) A(t) - A(t') „ ^ , ,^ „ , ,x , ^ , , ,^ , / x 

^^<0, ^>1, In^- ^^^^ ^ ^ >0; Je.cit')>0 vit')>vit) kit') < kit) 



Above inferences show that in constant state A, Pnit') — ^'^'^ without energy exchange; in elongation state 

B, Pnit') < PNit) and internal potential energy releases to external system; in compression state C, Pnit') > Pnit) 
and internal potential energy increases result from beam's gaining energy from external system. 

Further more, we can make inferences below: 

(i) For relativistic electron or ion beam, it's energy increment or increase basically results from the gain of itself's 
potential energy through longitudinal compression, otherwise the beam's energy will meet its limit, that is its 
kinetic energy limit. 

This is main difference of rf and DC acceleration method on electron beam's energy up limits, for rf method 
the bunch length can be compressed progressively further and further so that its energy will not meet up limit; 
whereas using DC acceleration the length of a micro beam element is longer than the critical length within which 
the beam's internal potential energy can be existed or accumulated through further compression, in addition, 
DC method has no compression mechanism. Thus DC acceleration beam's energy has its energy limit, its kinetic 
limit, even DC acceleration voltage has no technical limit. 

Ref. H: 

d^it') _ v.oit') dt' _ c 

dlit) Vsisit) dt Vsisit) 



1 f dvisit.ris) ,• .dtjit) ■ 

1 + / L ''' vUt,t)^dt » 1 



r*' 

it) Jf Oris dt 
We know that in DC acceleration the longitudinal length of a micro beam element is progressively elongated. 

(ii) The mass of relativistic beam, collectives' or individual's, is independent to its energy. 

From Eq. H25|) it is known that the energy exchange of relativistic beam essentially depends upon beam internal 
potential energy's exchange with external system, the density of the particles number at observing location will 
fluctuate as the energy exchanger occur. And the number density's change is synchronized with potential energy 
gain or loss of the beam, as beam's potential energy increases the density increases, while the energy losses the 
density decreases. Since PN\ri^it')\ = Pjv[?'s(t)]^ = Pjv[1 — ^^^F^] then it is clear that the density's fluctuation 
is time function related due to the variation of signal transfer time. 



Ref. mass flux density transfer relation Jm(t') + Jiossit') = Jmit)^ or pmit')c = p„iit)c-^, here Jiossit') 
0. 



dt' 
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differential relation on number of particles, mass conversation 

AN{t') + ANiossit') = AN{t) (26) 



multiply Eq. I|2t)|) with 



mqAN{t') + iTiqANiossit') = AN{t)mq 



AM{t') + AMioss{t') = AM{t) here AMi^ss = Jt ^:^M^Mdi ^ there only 

AM{t') < AM{t) 
cpm{t')dt' < cp„i{t)dt 

However in rf acceleration the corresponding energy increment AE and energy flux 

AE{t') = AE{t) + AEexc{t') - AEcit') > AE{t) 
J{t')dt' > J{t)dt 

V. DISCUSSION 
A. Charge field property 

Charge is structure density field possessed; for a elementary charge q there JJJ p{r) dV = q and in uncompressed 

V 

state or its intrinsic state 



p{r) = 



I 2g(flo-r) n ^ r < U„ 



r>Ro 



and withgrad/9(r) = ^J'^-i ^ ^-^^ apply to ///(?' — ?'cc) dq = 0, there charge center rcdi), Vcc{i) etc. 



rp{r) dV ^ rcc / / / ^(7-) dV = gr, 



Once charge's electromagnetic interaction and charge's potential energy are concerned its density field effect can not 
be neglected anymore while merely regarding charge as a point charge whose charge all be centralized on its charge 
center for approximatively simplified application. 

Charge density field can be compressed. Based on this, its internal potential energy can exist. In addition the 
compression can bring about some electromagnetic consequences in magnetic dipole Q . Density's change will produce 
internal force within charge density field. The force depends upon both density's difference between compressed 
density and corresponding intrinsic density, and ratio of compression which is the intrinsic density related. So 
calculation of stored potential energy of charge density field precisely can only be done through corresponding relation 
Pi{t) dvi(t) — poi dvoi, this may be uneasy to resolve since the density's spatial distribution at any instant is not linear. 

Fortunately in multi-particle system, a relative macro system, the density's distribution at any instant comply to 
linear distribution as we select the longitudinal length of the micro element short enough so that the compression 
ratio or coefficient fi can be treated as constant. 

In addition, for the micro beam element, or AiV number of particles, within a cylindrical volume with constant 
radius a, there 

— T- = At[t)p[t) = constant 
7ra^ 
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then A£{i) = and A£o = ^Aq, thus 

M{i) 

So we can convert the ratio of the micro beam's lengthes to ratio of individual particles'. Furthermore, we define 
k and 77, k{i) = e"''*^*', for indicating individual charge field's compression and potential energy status. 

B. Time function related factor and energy differential structure's implication 

A For charged particle's longitudinal interaction, a particle behind with higher velocity than front particle's can 
not pass over the ahead particle; therefore related time function is positive reversible 0, ^ > 0, ^ > 0, or 
> -1 and < 1. Besides, ^ factor can contribute to enhance or decrease output number flux, mass 

flux, charge flux, energy flux Jexc{t') (Ref. Eq. (|24|l ). however its value is determined by energy exchange of 
external system and micro beam element. 

B The energy differential structure and relevant inference emphasize beam's itself property and nature. The work, 
combined with differential transfer relations Q and other tools, can help us insight beams inner behavior and 
response and tracing a specified micro beam element whole physics process of beams' energy components and 
exchange. With it we may evaluate some conventional dictations and interpretations in differential angle. 

VI. CONCLUSION 

Energy of a micro beam element is consisted of three parts, mass center and relative center mass kinetic energy and 
beam's internal potential energy. Each of them is particle's longitudinal velocity distribution and density (number, 
consequent mass and charge as well as internal charge field force) distribution related within the micro element. 
The internal potential energy exists until its length shorter than the critical length or individual charge density 
field's diameter shorter than its intrinsic diameter results form accumulated compression of the beam length. And 
quantitative the potential energy comply with logarithm function with respect to the longitudinal length variable. For 
rclativistic beam, its energy exchange essentially occur actually between external system's energy and beam's internal 
potential energy; at same time beam's mass, collective's or individual's, is independent to its energy. Time function 
factor can affect various fluxes of the beam simultaneously and the factor is determined by designated dynamical 
process or energy exchange between external system and beam itself. 
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